Abstract. In this paper, we consider the existence and concentration behavior of positive ground state solution to the following problem
Introduction and main results
In present paper, we consider the existence and concentration behavior of positive ground state solution to the following problem
where h is a small positive parameter, Δ p u = div(|∇u| p−2 ∇u) is the p -Laplacian,
is the critical Sobolev exponent, V (x) and K(x) are positive smooth functions with V (x) bounded below by a positive constant and K(x) bounded. We note that problem (1.1) with p = 2 arise when one seeks for the standing wave solutions of the following nonlinear Schrödinger equation
We can see [15] and the references therein for more background.
The nonlinear Schrödinger equations have been extensively studied in recent years, obtained numerous results on existence, multiplicity and concentration behavior of the positive solutions, see for example [2, 6, 7, 8, 9, 10, 16, 17, 20, 21] . Wang and Zeng in [26] studied the following nonlinear Schrödinger equation with competing potential functions
where 2 < q < p < 2N/N − 2, V (x) has a positive lower bound, K(x) is positive and bounded, Q(x) is bounded and allowed to change sign. By min-max argument, they proved existence of a ground state solution and studied the concentration behavior of such solutions, obtained a necessary condition for location of concentration of positive bound state solution of (1.2). Very recently, several papers have appeared about the p -Laplacian problems, we can see [3, 4, 5, 11, 12, 14] and there references. Alves and Figueiredo in [3] studied the following class of problem
V (x) is a continuous function satisfying
Under some assumptions on f , they established the existence, multiplicity of solutions to (1.3). Moreover, they proved that solutions of (1.3) which concentrate around a global minimum point of V . In [11] , doÓ considered the quasilinear critical problem
where f is a C 1 function and satisfying some necessary conditions, V ∈ C(R N , R) and there exists an open bounded subset Ω ⊂ R N such that
Using the penalization method, the author studied the existence of bounded state which concentrate around a local minima of V as h → 0 . Furthermore, Figueiredo and Furtado in [14] using Ljusternik-Schnirelmann theory obtained multiplicity result of problem (1.4). In [12] , the author established the multiplicity and concentrations of positive solutions for the supercritical problem
where 1 < p < N , p < q < N p/N − p s, and V is a positive continuous function. Based on the above reviews and observations, we know that the existence of positive ground states along with the concentration behavior of solutions to the problem (1.1) has not been studied. More precisely, motivated by the argument used in [26, 8] , we will consider the existence and concentration behavior of positive ground state solutions of quasilinear problem with competing functions. We will prove that solutions of (1.1) which concentrate around a global minimum points of a ground energy function G(ξ ), which is defined to be the ground energy associated with the equation 5) where ξ ∈ R N is regard as a parameter instead of an independent variable. In this paper, we assume (V) V (x) is a continuous function in R N and
is a positive and bounded continuous function in R N . Now, we consider the following equation with constant coefficients
The functional is defined as
Define c(λ , μ) = inf u∈N I(u) , where N * is the Nehari manifold with
By the Sobolev embedding theorem, c(λ , μ) is finite and positive. Furthermore, using the similar proof of Lemma 2.2 of [26] , we obtain that c(λ , μ) satisfy a monotonicity property:
Next, for each ξ ∈ R N , we consider the functional associated to problem (1.5) given by
Define the ground energy function of by
where M ξ is the Nehari manifold defined as (1.8) . By the continuity of V , K and Sobolev embedding theorem , we know that G is a continuous, positive map. By [13] , we know that for each ξ ∈ R N , problem (1.5) possesses a ground state solution. Define
where
and always assume V ∞ < ∞. The main result of this paper is stated as follows: 
The plan of this paper is as follows. In Section 2, we present some notation and some technical results, including the estimates for the critical levels and the geometric hypotheses of the Mountain Pass Theorem. In Section 3, we show that the corresponding energy functional satisfies the Palais-Smale condition and the existence of ground state solution. Finally we establish the concentration property of the ground state solution when h tends to zero.
Notation and preliminaries
In this section, we will use the following notation frequently. The letters C,C 1 ,C 2 , ·· denote positive constants, B R (0) denotes the ball centered at the origin with radius R > 0, · ∞ denotes the norm in L ∞ . Let us consider the energy functional associated with problem (1.1)
which is well defined on the Banach space X h , where
endowed with the norm
We can always assume that critical points of J h are nonnegative functions since J h is even. Furthermore, let us define the Nehari manifold associated to J h by
Now, we start recalling that the functional J h satisfies the mountain-pass geometry conditions and its proof is standard.
LEMMA 1. The functional J h satisfies the following conditions:
There exists an e ∈ X h with e X h > ρ such that J h (e) < 0 .
From the Lemma above, by virtue of the mountain pass theorem without the PalaisSmale condition ( [25] ), there exists a sequence {u n } ⊂ X h satisfying J h (u n ) → c h and 
In order to show the existence of ground state solution, we first define the ground state energy associated with J h by
Next, we define another minimax value
As in Proposition 3.11 of [22] , we shall have the following equivalent characterization of c h .
and S is attained by the functions 
, where x j ∈ R N , δ x j is the Dirac measure at x j , and ν j and μ j are constants.
Making the change of variable x → hx , we can rewrite (1.1) as the following equivalent equation
We know that its solution are the critical points of the functional given by
which is well defined on the Banach space E h , where
Next we state the result which provides an appropriate estimate on the minimax level.
LEMMA 5. Assume the assumptions (V ) and (K) hold. Then the number c h satisfies
Proof. Given ε > 0 , we consider the function 0, 2) . Then, as ε → 0 , we obtain the following estimates inspired by [1] .
It's easy to see that g(t) attains its maximum at some t ε ∈ (0, ∞) with g (t ε ) = 0. That is
Thus, we have
by Sobolev embedding theorem and (2.5), there exist an A > 0 independent of ε such that
Thus, by (2.8) and (2.9), we obtain
Choosing ε small, by combining (2.5), (2.7) and (2.10), it follows that
Hence, 
∀a, b ∈ R and ε > 0, we have
We conclude from the above that, for ε > 0 small enough, I h (t ε v ε ) < 
Existence of a ground state solution to (1.1)
In this section, we shall study the existence of ground state solution. To begin with, we first show some compactness results for the functional J h . Let {u n } ⊂ X h be a (PS) c sequence of J h , i.e
Hence {u n } is bounded X h , then there exists a u ∈ X h such that
In order to prove that u n → u strongly in X h , we first show the following lemma.
Proof. By the boundedness of {u n } and Sobolev embedding theorem, we have u n → u in L s loc (R N ) for p s < p * . Hence, we only consider
We claim for any ε > 0, there exists R > 0 such that lim sup
Otherwise, for some subsequence {u n k } and some δ > 0 such that
It is not difficult to show that there exists r > R(ρ) satisfying
and (1) and (3.5)-(3.8), we have
Thus, by (3.1), (3.9) and Sobolev embedding theorem, we obtain
By Lemma 2, there exists θ k > 0 such that θ k v k ∈ N h , it follows from (3.11) that θ k has a positive lower bound. Hence, by (3.9), we have 
it follows that t k 1 . Furthermore, by (3.1), (3.10), (3.12) and θ k v k ∈ N h , we get
Letting k → ∞ and ρ → 0, we have h N c ∞ c. This is a contradiction. Hence, by the Gagliardo-Nirenberg inequality, we have (3.3). Thus,
Thus the Lemma is proved.2
. By the boundedness of u n , we may suppose that v n v weakly in E h . By Lemma 4, we assume that
(3.14)
By (3.14) and Sobolev embedding theorem, we have
It follows from the Hö lder inequality and the boundedness of {v n } that 0 lim
as ε → 0 . It hence follows from (3.14 ) and (3.15) that, as ε → 0,
We thus conclude from Lemma 4 that
Assume ν j = 0 for some j ∈ Λ, by (3.1), (3.14) and Lemma 4,
which is impossible. Thus, ν j = 0 for all j ∈ Λ. Hence,
Proof. The weak convergence of (3.2) implies that J h (u) = 0 , by Lemma 6 and Lemma 7, we have
Then,
Let h → 0 , it is easy to check that
By the definition of ω h , we can find a L > 0 large enough such that J h (Lω h ) < 0. Hence, we can construct a path g h (t) = tLω h , t ∈ [0, 1]. By Lemma 2, we have
Since ξ is arbitrary and the smallness of h is independent of ξ . 2
Proof of the existence of Theorem 1.1. By Lemma 1, 8 and 9, the standard Mountain pass theorem implies that problem (1.1) has a nontrivial nonegative solution. Then, a Harnack's inequality of [23] implies that it's a positive ground state. 2
The concentration of the ground state
In this section, u h is always referred to a positive ground state of (1.1). We see v h (x) = u h (hx) is always a positive ground state of
) is a positive ground state of (1.1).
LEMMA 10. There exist R, σ > 0 and a sequence {y h } ⊂ R N such that
Proof. We observe that since
It follows from Lemma 9, {v h } is bounded as h → 0. Assume that l 0 be such that Now, we claim that there exists a δ > 0 such that w n ∞ δ for all n . If we assume, contrary to the claim, that w n ∞ → 0. Then by (4.6), we have
It follows that w n → 0 in W 1,p (R N ), which is impossible. Then claim is true. Let z n be the global maximum point of w n , by (4.9) and the claim above, we obtain that z n ∈ B R (0) for some R > 0 . Thus the global maximum point of u n (x) = u h n (x) = w n (
x−x n h n ) given by x n = h n z n + x n . Since {z n } is bounded, we know that x n → x 0 as n → ∞. Thus, lim n→∞ G(x n ) = G(x 0 ) = inf ξ ∈R N G(ξ ). 2
